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Abstract—In this paper, a new approach is presented to derive the exact
bit-error-rate (BER) performance of frequency-hopping spread-spectrum
(FHSS) wireless networks with noncoherentM-ary frequency-shift keying
(MFSK) in additive white Gaussian noise (AWGN) and Rayleigh fading
channels. The new approach has enabled an exact evaluation of the BER,
regardless of the modulation order M or the number of interferers.
Theoretical results validated by simulations have shown that system per-
formance is dominated by the first two hits, which lead to an accurate
and computationally efficient approximation for the AWGN channel case.
The exact and approximated results are compared with the simulation and
semianalytic results presented in the literature.
Index Terms—Bit error rate (BER), bluetooth, frequency hopping,
M-ary frequency-shift keying (MFSK), noncoherent, radio frequency
identification.
I. INTRODUCTION
Frequency-hopping spread-spectrum (FHSS) systems have received
considerable attention in the literature. FHSS was originally adopted
in military networks to provide secure communications and then
extended to several commercial applications such as mobile cellular
and satellite communications [1]. Due to the difficulty of maintaining
phase coherence between consecutive hops, noncoherent M -ary
frequency-shift keying (NC-MFSK) is usually considered to be
the best candidate for FHSS systems. A combined FHSS system
with NC-MFSK is considered as an attractive approach to construct
wireless ad hoc mobile networks [2]. FHSS is a simple multiple-access
protocol that does not require sophisticated central processing; this
allows a substantial reduction of system complexity and overhead
cost and improves network flexibility. NC-MFSK has several
desirable features, such as high immunity to noise and to multipath
propagation conditions. In addition, the noncoherent detection of
MFSK substantially reduces the receiver’s complexity. FHSS with
NC-MFSK modulation is currently part of the wireless personal area
network (WPAN) standard, which is based on Bluetooth technology
[3]. Radio frequency identification is an another emerging technology
that is based on NC-MFSK; however, FHSS is replaced by the
slotted ALOHA for multiple-access purposes [4]. Some of the major
contributions in FHSS systems are given in [5]–[13]. Other types
of noncoherent modulations have been proposed as alternatives for
NC-MFSK in FHSS networks. As an example, noncoherent binary
amplitude-shift keying combined with orthogonal frequency-division
multiplexing was proposed in [12] to increase the bandwidth efficiency
and, hence, reduce the probability of collision among active users.
The binary system proposed in [12] was extended to the M -ary case
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in [10], and a closed-form approximation for the bit error rate (BER)
was derived as well. Recently, Maghsoodi and Al-Dweik [16] have
used the sinusoidal addition theorem (SAT) to deduce a new approach
to evaluate the exact BER of the systems proposed in [10] and [12].
The BER performance of synchronous FHSS networks with
NC-MFSK has intensively been considered in the literature [5]–[12].
Although a tremendous amount of effort has been devoted to evaluate
the BER performance, the problem has remained open since no exact
solution or accurate approximation has yet been deduced. Thus, simu-
lation is the primary reliable tool to estimate the error performance of
such systems [8].
The research conducted on synchronous FHSS networks has gener-
ally considered two types of channels, namely, additive white Gaussian
noise (AWGN) and Rayleigh fading channels [8], [10], [12], [13].
For Rayleigh fading channels, a major simplification was achieved by
assuming that the Rayleigh distributed amplitudes and the phase shifts
of all signals are independent [13]. Thus, the in-phase and quadrature
components of the received signal become independent (uncorrelated)
Gaussian random variables, and the probability density functions of all
decision variables at the receiver are known. Therefore, accurate per-
formance evaluation can numerically be achieved as in [12] and [13].
For AWGN channels, the problem remained unsolved. The
performance evaluation is obtained using the simplifying bound
that the probability of symbol error is (M − 1)/M or 1 whenever
a hop is hit by one or more interfering users, or using simulations
[8]. Therefore, deriving BER expressions that are both accurate
and computationally efficient is very beneficial to estimate the
performance of such networks.
In this paper, we derive the exact BER performance of synchronous
FHSS networks based on NC-MFSK with no limitations placed on the
modulation order M or the number of interferers n. The derivation is
based on representing the reference and interfering signals as a single
sinusoid with random amplitude and phase. Then, we use the results
presented in [16] to compute the probability distribution function (pdf)
of the envelope and evaluate the exact BER. The derivation of an
accurate and computationally efficient approximation is considered
as well. Monte Carlo simulations are used to validate the exact and
approximated results.
The remainder of this paper is organized as follows: In Sections II
and III, the system and channel models are presented, respectively.
Performance analysis in Rayleigh and AWGN channels is given in
Section IV. Numerical results and conclusions are given in Sections V
and VI, respectively.
II. SYSTEM MODEL
The FHSS network considered in this paper is similar to the network
described in [6] and [8]. The network consists of K identical active
users (transmitter–receiver pairs). Each user is assumed to transmit
according to a slotted channel access scheme with a propagation delay
that is much smaller than the hop interval [6]. For most WPANs, the
multiple-access technique should require little or no infrastructure.
However, having some sort of simple coordination among the com-
municating entities can substantially reduce the probability of colli-
sions among users, which enhances the performance as in the case
of the slotted ALOHA. Moreover, Bluetooth networks employ slow
frequency hopping, where several symbols are transmitted every hop.
Hence, most of the symbols in a packet with multiple-access interfer-
ence are affected by full hits.
The total spread-spectrum bandwidth is divided into q contigu-
ous subbands with one carrier frequency available in each of these
0018-9545/$26.00 © 2009 IEEE
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subbands. The bandwidth of each subband is equal to the bandwidth of
the modulated MFSK signal. The MFSK transmitter sends one out of
M possible orthogonal tones to represent a specific data symbol. The
hopping pattern of each user is memoryless and uniformly distributed
over q frequencies. The hopping rate is equal to the symbol rate, which
corresponds to a slow FHSS network. Therefore, the transmitted signal
of user k during any symbol duration Ts can be expressed as
sk(t) = Ak cos
[
2π
(
f
(k)
h +
mk
Ts
)
t + φk
]
, 0 ≤ t ≤ Ts (1)
where Ak is the signal amplitude of the kth user, mk/Ts is the
MFSK tone, mk = 0, 1, . . . ,M − 1, f (k)h is the hopping frequency,
and φk is an arbitrary initial phase that is uniformly distributed over
[−π, π]. Observe that the frequency spacing between adjacent tones is
equal to 1/Ts, which is the minimum frequency spacing required for
noncoherent detection of orthogonal signals [14].
III. CHANNEL MODEL
Two common channel models are considered in this paper, namely,
AWGN and Rayleigh fading channels. The Rayleigh fading chan-
nel model assumes the channel to be slow frequency-nonselective
Rayleigh fading [12], [13]. This model is appropriate when the signal
bandwidth is much smaller than the coherence bandwidth of the
channel, and the transmitter, receiver, and all reflecting surfaces are
slowly moving relative to the carrier wavelength and the symbol rate.
In addition, the received signal is corrupted by AWGN z(t) that has
zero mean and two-sided power spectral density N0/2. At any given
time, we assume that K active users are transmitting through the
channel: the first active user is referred to as the reference user. The
signal of the reference user will be hit when any of the other active
users transmits using the same frequency of the reference user during
any symbol interval; the hitting user in this case is denoted as the
interferer. The process of having n interferers out of K − 1 users is
usually modeled as a random process with a binomial distribution [12].
In synchronous FHSS networks over a local area, the time delay
of the kth user τk is much smaller than Ts; hence, we assume that
τk = 0 ∀k [5], [6]. Therefore, given that the reference user signal s1(t)
is hit by n interferers, the received signal r(t) after perfect dehopping
process can be expressed as
r(t) =
n+1∑
k=1
αkAk cos (ωkt + φk) + z(t) (2)
where {αk; k = 1, 2, . . . , n + 1} are independent and identically dis-
tributed (i.i.d.) random variables that can have any general distribution,
and ωk = 2πmk/Ts. The random phase offset introduced by the
fading channel is taken into account by absorbing it into φk. It is
usually assumed that αk and φk are mutually independent [13].
The distribution of αk is selected based on the channel model of
interest. In this paper, we consider two different channel models. The
AWGN channel model, which can be achieved by setting αk = 1,
and the Rayleigh fading channel model, which can be achieved by
considering αk as a set of i.i.d. Rayleigh random variables. The
performance analysis presented in the next section initially starts by
considering that αk have a general pdf; then, the Rayleigh and AWGN
channels are considered to be special cases of the general pdf.
IV. PERFORMANCE ANALYSIS
A. Rayleigh Fading Channels
The receiver for noncoherently detected MFSK signals consists of
M quadrature receivers configured as envelope detectors. With no side
information, the M branches compute M decision variables, as given
below, and choose the index of the largest decision variable as an esti-
mate of the transmitted symbol. The mth decision variable is given by
ηm =
∣∣∣∣∣∣
√
2
Ts
Ts∫
0
r(t)e
−j 2πmt
Ts dt
∣∣∣∣∣∣ , m = 0, 1, . . . ,M − 1. (3)
Since the received MFSK signal consists of M frequency slots and n
interfering signals, the received signal r(t) can be written as
r(t) =
M−1∑
m=0
Ψm1,m∑
i=1
α
(m)
i A
(m)
i cos
(
2πmt
Ts
+ φ
(m)
i
)
+ z(t) (4)
where Ψm1,m = Ωm + δm,m1 , δi,j = 1 for i = j and 0 otherwise,
Ωm is the total number of interferers that transmit an MFSK symbol
at tone m, and
∑M−1
m=0
Ωm = n. The set of interfering tones during
any hop interval Ω0,Ω1, . . . ,ΩM−1 is denoted as the interference
pattern Ω(c, n) = {Ω0,Ω1, . . . ,ΩM−1}, where the pattern number
c = 1, 2, . . . ,HMn , and the total number of different patterns HMn =(
M+n−1
n
)
. As an example, consider an FHSS network where M = 4
and n = 4. Assume that the tones of the four interferers are 0, 1/Ts,
1/Ts, and 3/Ts, respectively. Thus, the interference pattern Ω(c, 4) =
{1, 2, 0, 1}. Consequently, the decision variable ηm, in general, de-
pends on Ω(c, n) and can be expressed in conditional form as [8], [15]
ηm|Ω(c, n) =
∣∣∣∣∣∣
Ψm1,m∑
i=1
√
Eiα
(m)
i e
jφ
(m)
i + z
∣∣∣∣∣∣ (5)
where z is a complex Gaussian random variable with zero mean
and N0/2 variance, and Ei is the average symbol energy of the ith
interfering tone. The average symbol energy Ei is usually assumed
to be equal for all users [13], i.e., E1 = E2 = · · · = Es. Moreover,
due to the symmetry of the transmitted symbols, it can be assumed,
without loss of generality, that the reference user transmits the data
symbol 0. Thus, the conditional decision variables become
ηm|Ω(c, n) =
∣∣∣∣∣
√
Es
Ψ0,m∑
i=1
α
(m)
i e
jφ
(m)
i + z
∣∣∣∣∣ . (6)
Note that ηm|Ω(c, n) = ηm|Ωm, which is due to the orthogonality
between the mth tone and all other tones. In addition, because
of the assumption that αi and φi are mutually independent, it
is straightforward to show that αi cos(φi) and αi sin(φi) are
independent (uncorrelated) Gaussian random variables with zero
mean and a variance that is given by
1
2
E
[
α2i
]
Es =
1
2
E¯s =
1
2
log2(M)E¯b
where E¯s and E¯b are the average signal energy per received tone
and bit, respectively. Therefore, the conditional pdf of the decision
variable at the output of the mth branch can be expressed as
P (ηm|Ωm) = ηm
σ2m
exp
(
− η
2
m
2σ2m
)
(7)
where
σ2m =
1
2
(
δ0,mE¯s + ΩmE¯s + N0
)
. (8)
Hence, the set of decision variables is
η = [ η0 η1 · · · ηM−1 ]. (9)
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Since it is assumed that the reference user transmits the data symbol
0, the detector makes an error when any of the M − 1 branches has a
value larger than η0. This probability may be expressed as [14]
Pe = 1−
∞∫
0
P (ηm < η0, m = 1, 2, . . . ,M − 1| η0)× P (η0)dη0
(10)
where P (ηm < η0, m = 1, 2, . . . ,M − 1) denotes the joint
probability that η1, η2, . . . , ηM−1 are all less than η0. For a
given Ω(c, n), the conditional decision variables are statistically
independent, i.e., ηm|Ω(c, n) = ηm|Ωm [9]; hence, the joint
probability factors into the product of M − 1 marginal probabilities
Pe|Ω(c, n) = 1−
∞∫
0
M−1∏
m=1
P (ηm < η0| η0,Ωm)× P (η0|Ω0)dη0
(11)
where
P (ηm < η0| η0,Ωm) =
η0∫
0
P (ηm|Ωm)dηm
m = 1, 2, . . . ,M − 1. (12)
Thus
Pe|Ω(c, n) = 1−
∞∫
0
⎛
⎝M−1∏
m=1
η0∫
0
P (ηm|Ωm)dηm
⎞
⎠P (η0|Ω0)dη0.
(13)
The symbol error probability can be calculated by considering all
interference patterns for all possible n values, i.e.,
Pe =
K−1∑
n=0
HMn∑
c=1
Pe|Ω(c, n)P (Ω(c, n))P (n) (14)
where the probability that a certain interference pattern occurs for a
given n is given by [12]
P (Ω(c, n))=
1
Mn
(
n
Ω0
)(
n−Ω0
Ω1
)
· · ·
(
n−∑M−2
i=0
Ωi
ΩM−1
)
(15)
and the probability of having n interferers out of K − 1 users is
P (n) =
(
K − 1
n
)(
1
q
)n(
1− 1
q
)K−1−n
. (16)
For n = 0, the probability densities P (ηm) are equal for
m = 1, 2, . . . ,M − 1; hence, they are denoted as P (η).
Consequently, the product of the M − 1 densities can be simplified to
a single density raised to the power M − 1; thus, (13) becomes
Pe = 1−
∞∫
0
P (η0)
⎡
⎣
η0∫
0
P (η)dη
⎤
⎦
M−1
dη0 (17)
where
P (η) =
η
N0/2
exp
(
− η
2
N0
)
(18)
P (η0) =
η0
(E¯s + N0)/2
exp
(
− η
2
0
(E¯s + N0)
)
. (19)
Substituting (18) and (19) in (17) and evaluating the integral yields the
probability of error for NC-MFSK signals in Rayleigh fading chan-
nels, i.e.,
P (n=0)e =
1
M
M∑
i=2
(
M
i
)
(−1)i
1 +
(
1− 1
i
)
E¯s
N0
. (20)
Since the symbol error probabilities are symmetric for MFSK, the
average BER is [14]
Pb =
M
M − 1
Pe
2
. (21)
B. AWGN Channels
In AWGN channels, the random amplitude attenuation term is set to
1; thus, the received signal at frequency slot m is given by
rm(t) =
Ψ0,m∑
i=1
Ai cos
(
2πmt
Ts
+ φi
)
+ z(t). (22)
Observe that following the same procedure used for Rayleigh fading
channels is not possible since the in-phase and quadrature components
of the quadrature receiver are not anymore Gaussian. Hence, a different
approach should be applied to evaluate the BER performance. Toward
this end, we start by observing that if the input to the mth quadrature
receiver branch during one symbol period is the signal
rm(t) = bm cos
(
2πmt
Ts
+ θm
)
+ z(t) (23)
where bm and θm are independent random variables, then the pdf of
the decision variable ηm is conditionally Rician [14], [16], i.e.,
P (ηm| bm) = ηm
σ2
exp
(
−η
2
m +
1
2
b2m
2σ2
)
I0
(
ηmbm√
2σ2
)
(24)
where I0 is the Bessel function of first kind and zero order, and σ2
is the variance of the AWGN. Therefore, if one can represent rm(t)
in (22) in the form of (23), the pdf P (ηm) can be obtained if the pdf
fBm(bm) is known. This goal can be achieved using the SAT, where
a signal that consists of n sinusoids having the same frequency can be
represented by a single sinusoid [16], i.e.,
n∑
i=1
Ai cos(ωt + φi) = bn cos(ωt + θn) (25)
where
b2n =
n∑
i=1
n∑
j=1
AiAj cos(φi − φj)
= |A|2 + 2
n∑
i=1
n∑
j>i
AiAj cos(φi − φj) (26)
θn = tan
−1
∑n
i=1
Ai sin(φi)∑n
i=1
Ai cos(φi)
(27)
and where A is the amplitude, φ is an arbitrary initial phase, and
|A| is the Euclidean norm of the vector (A1, . . . , An). Therefore, the
received signal rm(t) at the input of the mth branch of the MFSK
receiver can be expressed as
rm(t) = bnm cos
(
2πmt
Ts
+ θnm
)
+ z(t) (28)
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where nm = Ωm + δ0,m. Then
P (ηm| bnm ,Ω(c, n)) =
ηm
σ2
exp
(
−η
2
m +
1
2
b2nm
2σ2
)
I0
(
ηmbnm√
2σ2
)
.
(29)
The unconditional pdf P (ηm) is given by
P (ηm|Ω(c, n)) =
bnm,max∫
bnm,min
P (ηm| bnm ,Ω(c, n))
× fBnm (bnm)dbnm (30)
where bnm,min and bnm,max are the minimum and maximum possible
values of bnm , respectively. The pdf fBn(bn) is given by [16]
fBn(bn) =
bn
π
∞∫
−∞
e−jb
2
ntΦB2n(t) dt (31)
where
ΦB2n(t) =
∞∫
−∞
π∫
−π
ejt{b2n−1+a2n+2anbn−1 cos(φn−θn−1)}
× fA,Φ(a,Φ) dΦ da (32)
fA,Φ(a,Φ)  fA1,...,An,Φ1,...,Φn(a1, . . . , an, φ1, . . . , φn), and da
and dΦ denotes da1, da2, . . . , dan and dφ1, dφ2, . . . , dφn, respec-
tively. Although the pdf described by (31) can be evaluated with
sinusoids for fixed or random amplitudes, the received signals’ am-
plitudes in AWGN channels are fixed, which substantially simplifies
the computation of fBn . Several examples for the implementation of
(31) are given in [16]. Once P (ηm|Ω(c, n)) is computed, it should
be substituted in (13) to compute the conditional probability of error
Pe|Ω(c, n). Then, the probability of error Pe and the BER can be
computed using (14) and (21), respectively.
As it can be observed from the presented analysis, using the SAT has
substantially simplified the derivation of the exact BER performance
for the considered FHSS system. Moreover, the proposed analysis
technique can be applied for AWGN and Rayleigh, as well as for other
channel models. The only difference in the analysis for any channel
model will be the pdf derivation of the amplitude bn given in (25).
Therefore, the BER analysis described in [8], [9], and [13] can be
considered to be a special case, where the pdf of the amplitude at each
frequency slot is Gaussian.
V. NUMERICAL RESULTS
The exact BER in AWGN channels is calculated for n = 1, 2, and 3
using the proposed approach; then, it is compared with the simulation
results of [8], as depicted in Table I. Although we can compute
fBn(bn) for any value of n [16], [17], it is worth observing that
the first few hits are the most probable; therefore, they are the ones
that determine the system performance. Hence, an accurate and com-
putationally efficient approximation can be achieved by considering
only the first v hits and assuming that P (n > v) = 0. Therefore,
the approximation based on this assumption should demonstrate high
accuracy. A comparison between the approximated BER using v = 3,
the semianalytic BER of [8], and the simulated results are shown
in Table II. Observe that the difference between the results obtained
via the approximation and the Monte Carlo simulation is negligible,
TABLE I
EXACT AND SIMULATED AVERAGE SYMBOL ERROR PROBABILITIES
IN AWGN CHANNELS FOR M = 4 AND Eb/N0 = 30 dB
TABLE II
APPROXIMATED AND SEMIANALYTIC BERs FOR
M = 4, q = 100, AND Eb/N0 = 30 dB
Fig. 1. Exact BERs of FHSS networks using NC-MFSK in Rayleigh fading
channels for q = 100 and M = 4 and 8.
whereas the results obtained via the semianalytic approach slightly
underestimate the system BER.
Theoretical and simulated BERs in Rayleigh fading channels are
presented in Figs. 1 and 2 for M = 4 and 8 and M = 16 and 32,
respectively, and the number of frequency slots q was kept fixed. It
can be observed from both figures that the BER is dominated by
the number of active users in the system, whereas the modulation
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Fig. 2. Exact BERs of FHSS networks using NC-MFSK in Rayleigh fading
channels for q = 100 and M = 16 and 32.
Fig. 3. BERs of FHSS networks using NC-MFSK in AWGN channels for
M = 4 and K = 4.
order M has a very limited effect on the BER; hence, the value of q,
which is inversely proportional to M , is the factor that determines the
BER. Therefore, using M = 2 will maximize q, which gives the mini-
mum BER.
Theoretical and simulated BERs in AWGN channels are presented
in Figs. 3 and 4 for M = 4 and 8, respectively. The results for the
(M − 1)/M -bound are also given in the same graphs. As depicted
Fig. 4. BERs of FHSS networks using NC-MFSK in AWGN channels for
M = 8 and K = 4.
Fig. 5. Exact and approximated BERs of FHSS networks in AWGN channels
using NC-MFSK for M = 8 and q = 300.
in these figures, the theoretical and simulation results demonstrate an
excellent match. In general, the BERs calculated using the (M − 1)/
M -bound follow the exact BERs; however, the tightness of the bound
is very poor in the error floor region, where the bound is excessively
pessimistic.
The exact and approximated BERs using M = 8 are presented in
Fig. 5, where it is shown that using v = 1 is accurate only when K is
much less than q, K/q  0.05. Significant improvement is achieved
using v = 2, where the difference between the approximation and
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simulation results is negligible even for K/q ≈ 0.34, which empha-
sizes the accuracy of this approximation. Moreover, this figure shows
that the improvement gained by considering the third hit, i.e., v = 3,
was insignificant and can be ignored without affecting the accuracy of
the approximation.
VI. CONCLUSION
In this paper, the exact BER performance of FHSS wireless net-
works using noncoherent MFSK has been evaluated for AWGN and
Rayleigh fading channels. The proposed solution can be applied for
both channels with no limits placed on the number of active users
K or the symbol alphabet M . However, the computational power
required in the case of the Rayleigh fading channel is much less than
that of the AWGN channel. Therefore, a computationally efficient and
accurate approximation of the BER performance was considered for
the AWGN channel case. Analytical and simulation results showed
that this approximation is accurate, even for values of K  2 and
K/q ≈ 0.5.
The theoretical results obtained are compared with simulation re-
sults and the (M − 1)/M -bound. While the simulation results ex-
hibited an excellent match with the theoretical results, the (M − 1)/
M -bound was excessively pessimistic in estimating the probability of
error.
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Measurement Complexity of Rayleigh Fading Channels
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Abstract—Rayleigh fading is a widely used channel model in wireless
communications. The mean channel power is of practical importance in
channel access, power control, handoff, modeling, and coverage analysis
of wireless systems. A fundamental problem naturally arises: How many
measurements are sufficient to estimate these parameters with the pre-
scribed margin of error and confidence level? We first study the noise-free
case in which only the second moment of the Rayleigh random variable
is subject to measurement and estimation. It is demonstrated that the
measurement sample size is roughly inversely proportional to the square
of the margin of relative error and is linear with respect to the logarithm of
the inverse of the gap between the confidence level and one. A closed-form
formula is also obtained for the interval estimate of the second moment
that is shown to be asymptotically tight. These sample complexity results
are extended to the noisy case for interval estimation of the path loss and
noise power. Our study shows that a typical margin of relative error can be
achieved with near certainty and modest sample size.
Index Terms—Path loss, Rayleigh fading channels, wireless
communications.
I. INTRODUCTION
In mobile radio channels, the Rayleigh distribution is commonly
used to describe the statistical nature of the received envelope of a flat-
fading signal or the envelope of an individual multipath component.
Flat fading is often associated with the narrow-band channel. By
assuming that the real and imaginary parts of the channel gain are
independent Gaussian random variables with zero mean and equal
variance, the amplitude of the channel gain or path loss (PL) becomes
a Rayleigh random variable. By the fact that the Rayleigh random
variable is uniquely specified by its second moment that is the sum
of the variances of its two independent Gaussian components, the
estimation of the second moment of a Rayleigh random variable has
practical importance in channel modeling and estimation [1], [4], [6],
[7], [11] and in radio coverage, location, and measurement [2], [5].
Good estimates of the local mean signal power level are needed by
wireless cellular systems for use in channel access, power control, and
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